Yielding behavior in amorphous solids has been investigated in computer simulations employing uniform and cyclic shear deformation. Recent results characterise yielding as a discontinuous transition, with the degree of annealing of glasses being a significant parameter. Under uniform shear, discontinuous changes in stresses at yielding occur in the high annealing regime, separated from the poor annealing regime in which yielding is gradual. In cyclic shear simulations, relatively poorly annealed glasses become progressively better annealed as the yielding point is approached, with a relatively modest but clear discontinuous change at yielding. To understand better the role of annealing on yielding characteristics, we perform athermal quasistaic cyclic shear simulations of glasses prepared with a wide range of annealing in two qualitatively different systems -a model of silica (a network glass), and an atomic binary mixture glass. Two strikingly different regimes of behavior emerge: Energies of poorly annealed samples evolve towards a unique threshold energy as the strain amplitude increases, before yielding takes place. Well annealed samples, in contrast, show no significant energy change with strain amplitude till they yield, accompanied by discontinuous energy changes that increase with the degree of annealing. Significantly, the threshold energy for both systems correspond to dynamical crossover temperatures associated with changes in the character of the energy landscape sampled by glass forming liquids. Uniform shear simulations support the recently discussed scenario of a random critical point separating ductile and brittle yielding, which our results now associate with dynamical crossover temperatures in the corresponding liquids.
Yielding behavior in amorphous solids has been investigated in computer simulations employing uniform and cyclic shear deformation. Recent results characterise yielding as a discontinuous transition, with the degree of annealing of glasses being a significant parameter. Under uniform shear, discontinuous changes in stresses at yielding occur in the high annealing regime, separated from the poor annealing regime in which yielding is gradual. In cyclic shear simulations, relatively poorly annealed glasses become progressively better annealed as the yielding point is approached, with a relatively modest but clear discontinuous change at yielding. To understand better the role of annealing on yielding characteristics, we perform athermal quasistaic cyclic shear simulations of glasses prepared with a wide range of annealing in two qualitatively different systems -a model of silica (a network glass), and an atomic binary mixture glass. Two strikingly different regimes of behavior emerge: Energies of poorly annealed samples evolve towards a unique threshold energy as the strain amplitude increases, before yielding takes place. Well annealed samples, in contrast, show no significant energy change with strain amplitude till they yield, accompanied by discontinuous energy changes that increase with the degree of annealing. Significantly, the threshold energy for both systems correspond to dynamical crossover temperatures associated with changes in the character of the energy landscape sampled by glass forming liquids. Uniform shear simulations support the recently discussed scenario of a random critical point separating ductile and brittle yielding, which our results now associate with dynamical crossover temperatures in the corresponding liquids.
The response of structural materials to applied stresses is of fundamental importance in determining their utility. Many structural materials are amorphous solids, with molecular glasses being a predominant example. In addition to specific types of molecular glasses, many other amorphous solids are the subject of ongoing fundamental and applied research investigations, such as colloidal suspensions, foams, emulsions and granular packings [1] [2] [3] [4] . Upon increasing deformation or applied stresses, the mechanical response of such amorphous solids generically changes from elastic solid-like response at small deformations, to elasto-plastic flow at large deformations. But the transition between these two regimes occurs in diverse ways. For typical molecular glasses (window glass or silica, and metallic glasses), yielding is a sudden, sharp event, characterised as brittle failure. For many soft solids, the transition between the elastic and plastic flow regimes is gradual (ductile), with no sharply defined transition point between them. Prominent among the challenges in understanding yielding is the rationalisation of this diversity. A number of theoretical and computational investigations have recently addressed the nature of the yielding transition [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] , many of which support the notion that yielding must be understood as a spinodal limit, at which system-spanning plastic deformation occurs discontinuously. The nature of such a limit (whether it is critical or not, and whether correlated plastic rearrangements or avalanches diverge upon approaching it, etc.) are matters of ongoing debate. Computational investigations have typically focused on the limit of ather- * sastry@jncasr.ac.in mal quastistatic (AQS) deformation of atomistic models, employing both uniform [12-15, 20, 23, 24] or cyclic [8, 9, 16, 17, 19, 22] shear deformation, and simulations of elasto-plastic models [7, 20, 21] . Although the role of the degree of annealing in determining the mechanical response of glasses has been studied from early on [23, 24] , the focus has been on features such as strain localisation, and not the nature of the yielding transition itself. Recently, Ozawa et al., [20] investigated the dependence on annealing of the nature of yielding by considering uniform shear simulations of glasses prepared over a wide range of temperatures. Based on their numerical results and accompanying theoretical analysis, they identified two distinct regimes of annealing, one of high annealing in which yielding is discontinuous, and the other of poor where it is gradual, and argued that a random critical point (of the class described by the random field Ising model (RFIM)) separates the two regimes at a critical value of annealing (or disorder). Investigations employing cyclic shear deformation, with both poorly annealed and moderately well annealed glasses [17, 22] reveal an apparently different picture. For amplitudes of strain below a critical value, repeated cyclic shear results in annealing the glasses, with the degree of annealing increasing with an increase in the strain amplitude. Yielding (more precisely, fatigue failure) occurs discontinuously at a critical strain value, with a jump in the peak stress, the emergence of diffusive motion of particles, and shear banding [9, 16, 17, 19, 22 ].
An important question raised by the above results is whether uniform and cyclic shear protocols lead to qualitatively different manifestations of yielding behavior. Additionally, one may ask how general the results in earlier work [17, 20, 22] are, since the studied systems have all been models of atomic glasses. Finally, if a threshold degree of annealing or disorder does robustly separate brittle and ductile yielding behaviors, one may ask whether we can attribute any physical significance to the critical annealing. We address these questions in the present work. We consider cyclic shear simulations of a model atomic glass studied earlier (the Kob-Andersen binary mixture Lennard-Jones model (KA BMLJ)) [17, 22] , but over a much broader degree of annealing. As an important example of a distinct class of glasses with which to study the generality of the aforementioned results, we study silica, a network forming glass. From the analysis of these two models, we conclude that cyclic shear indeed reveals the transition from ductile to brittle behavior, consistently with uniform shear investigations, revealing new and interesting characteristics of the transition. Finally, our results reveal an interesting physical significance to the critical degree of annealing -we find that the critical degree of disorder corresponds to well studied dynamical crossovers in the studied systems, the fragile-strong crossover in silica, and the mode coupling temperature in the KA BMLJ model.
For both the model systems we study, the glasses we subject to AQS deformation are generated by local energy minimization of simulated instantaneous liquid configurations. Based on the well studied relationship between temperature and energies of typical minima or inherent structures (IS) (e. g. , [25] ; Appendix, Fig. A1 ), the degree of annealing of the glasses is equivalently specified by the potential energy of the inherent structures, or the temperature of the equilibrium liquid from which they are obtained.
We simulate the BKS model [26] of silica as implemented in Voivod et al. [27] for a temperature range from T = 2500K to 6000K, at density ρ = 2.8gm/cm 3 using N = 1728 ions. Arising from its tetrahedral local geometry, silica exhibits a liquid-liquid phase transition [28, 29] , and an associated fragile to strong crossover [27, [30] [31] [32] , which occurs around T = 3100K for ρ = 2.8gm/cm 3 , within the range of temperatures we simulate.
The KA BMLJ is simulated at reduced density ρ = 1.2, for N = 4000, for a temperature range from T = 0.435 to T = 1.5, corresponding to IS energies from E IS = −6.89 to around −7.0. We also study inherent structures obtained through a finite temperature, finite shear rate cyclic shear annealing procedure reported in [33] , which extends the range of energies down to E IS = −7.07 (to be compared to the extrapolated Kauzmann energy of E K IS = −7.15 [33] ). We employ the same procedure for system sizes N = 2000, 8000, 16000, 32000, 64000, to obtain glasses with lowest energy E IS = −7.05, for performing a system size analysis.
These initial inherent structures are subjected to athermal quasi-static shearing (AQS) protocol involving: (i) Affine transformation by small strain increments of dγ = 2 × 10 −4 in the xz-plane (x → x + dγz, y → y, z → z). (ii) Energy minimization. The strain γ is varied cyclically: 0 → γ max → −γ max → 0 (or uniformly, for part of the study). Repeated deformation cycles for a given γ max result in the glasses reaching steady states wherein the properties on average do not change. Further details regarding simulations may be found in Appendix Sec. 1 and 2).
Cyclic Shear Deformation of BKS Silica
We first describe results from cyclic shear deformation of silica, which are shown in Fig. 1 . In Fig. 1(a) , we show for a wide range of temperatures the steady state (zero strain) energy U obtained in the limit of large numbers of cycles. The data shown are obtained by stretched exponential fits of the stroboscopic (at the end of each cycle, strain γ = 0) values of the energy as a function of the accumulated strain γ acc = 4 × γ max × N cyc where N cyc is the number of elapsed cycles (Additional analysis data pertaining to Fig. 1 is found in Fig.s A2-A4 of Appendix). The data for the highest three temperatures, T = 6000K, 4000K, 3500K, reveal the yielding strain γ y = 0.23 as a point of minimum energy, consistently with previous work [17, 22] , but with a feature that was not clear in earlier work -as the yield strain amplitude γ max = γ y is approached, the energy of all the glasses corresponding to this temperature range converge to a common energy value of −1867kJ/mol, corresponding to a temperature of T th = 3100K. At lower temperatures, a surprising new feature appears -to a very good extent, the energies of the glasses do not change with γ max , and at the yielding point (with a yield strain that increases mildly as the glass energy decreases), the energy shows a discontinuous jump, whose size increases as one goes to lower temperatures, as shown in the inset of Fig. 1(a) . Both the relative lack of annealing during cyclic shear, and the increasing size of the energy jump upon yielding, are new features. Next we consider the variation of maximum stress σ max xz with strain amplitude for the different cases, and find (as shown in Fig. 1(b) ) that the size of the stress jump at yielding increases with decreasing temperature/degree of annealing. At the highest two temperatures, our results indicate that the stress drop at yielding are very small, but increase rapidly below T = 3100K. In Fig. 1 (c) we show energies through the cycle for the studied temperatures in the steady state, at the largest strain amplitude below yield, identified as the yield strain amplitude γ y . These data reveal that (unlike the KA BMLJ; see below) observable plasticity remains even in well annealed samples in the steady state, a feature that merits further analysis. We extract the energy at zero strain, and at γ = γ y from this data, shown in Fig.  1(d) , which clearly indicate that both the zero strain energy, and the energy at the yield strain, decrease below T = 3100K, but they do so differently. The difference between the two, which may be thought of as an energy barrier to yielding, increases with decrease of temperature below T = 3100K (shown in Fig. 1 Given that the cyclic shear results for silica appear qualitatively different from the earlier results [17, 22] for the KA BMLJ, the natural question to address is whether the earlier observations change when one considers a broader range of IS energies for the initial glasses. We address this by considering initial energies from −6.89 to −7.07, for N = 4000. The results shown in Fig. 2 reveal that indeed, by considering a larger range of annealing, the picture changes radically from that observed earlier.
As seen in Fig. 2 (a) the energies vs. strain amplitude for different initial IS energies show a striking resemblance to the behavior seen in BKS silica. For initial IS energies above E IS = −6.99, as the yield strain amplitude γ max = γ y is approached, the energy of all the glasses converge to a common energy value of −6.995, corresponding closely to a temperature of T th = 0.435. For lower initial IS energies, there is a near lack of annealing with strain amplitude below yielding, and a discontinuous change in energies is observed at yielding. More striking in this case compared to silica, however, is the significant increase in the yield strain values with greater annealing, reaching a maximum value of about γ y = 0.11, compared to around γ y = 0.075 for the poorest annealed glasses. The difference in the two cases is related to the more modest range of annealing achieved in the case of silica (Additional analysis data pertaining to Fig. 2 is found in Fig.s A5-A7 of Appendix). Fig. 2 (b) shows that the jump in the maximum stress grows strongly with annealing, and the inset of Fig. 2 (b and stress jumps increase below E IS = −6.99. In Fig.  2 (c) we show the steady state energies through the cycle just below the respective yield strains γ y . Fig. 2 (d) shows the energies at the minimum, and at γ y , and (in the inset) their difference, revealing a striking change of behavior below the threshold energy of −6.995.
Taken together, the results for silica and the KA BMLJ strongly support a scenario that the nature of yielding changes drastically below a threshold degree of annealing. The main difference in comparing with uniform shear is that under cyclic shear, poorly annealed glasses evolve towards glasses at the thereshold degree of annealing, and manifest a correspondingly mild discontinuous behavior. Although results from cyclic shear simulations above provide results that are consistent with the ductile to brittle transition scenario discussed by Ozawa et al. [20] , neither model has been studied in sufficient detail with uniform shear to allow a direct comparison. In order to make such a comparison, we study the response to uniform shear of the KA BMLJ model, for a wide range of annealing of the glasses and system sizes, and obtain results consistent with [20] . In Fig. 3 (a) we show the sample averaged stress-strain curves for N = 64000 over the studied range of glass energies. We see that as E IS decreases, the yielding transition becomes progressively sharp. Likewise, the transition becomes sharper with system size, as shown in Fig. 3 (b) for E IS = −7.05, supporting a discontinuous, first order transition in the ther- (c)
modynamic limit. We compute two associated susceptibilities, the "connected" susceptibility χ con = − 
Dynamical Crossover
The threshold annealing level for BKS silica and the KA BMLJ correspond respectively to T = 3100K, and T = 0.435. To investigate the meaning of these crossover temperatures we consider the dynamics of the respective liquids. In Fig. 4 , we show the α relaxation times of the two systems vs. temperature. The self part of the intermediate scattering functions from which the relaxation times are obtained are shown in Fig. A9 in Appendix. For silica, we see that the relaxation times τ α show a fragile to strong crossover, as reported in several works previously [27, [30] [31] [32] , at T = 3100K, below which their temperature dependence becomes Arrhenius. Relaxation times above this cross over temperature are well described by a power law form τ α ∼ (T − T c ) −γ , as previously discussed [30, [34] [35] [36] , with T c = 3100K, and γ = 1.5. The value of γ is lower than reported in previous mode coupling analyses, which we do not attempt here. Instead, we simply note this as evidence for a fragile to strong crossover. In the case of KA BMLJ, previous analyses have estimated the mode coupling crossover temperature to be T c ∼ 0.435, and a fit to our data supports this identification. A γ value of 2.26 best describes our data, which is similar to values reported from mode coupling analyses previously [37] [38] [39] .
Thus, in both cases, we conclude that the threshold degree of annealing corresponds to a crossover temperature in the dynamics in the corresponding liquids. Although such an identification is merely an observation at present, it is made plausible and meaningful by numerous earlier studies, with associate the dynamical crossovers with a transition from diffusive to activated dynamics, and correspondingly, a change in the nature of the energy landscape sampled [32, [40] [41] [42] [43] [44] . Our results suggest that it may be fruitful to seek the common causes of the transition to brittle behavior of athermal glasses and changes in the character of dynamics in the corresponding liquids [45] .
Summary
In summary, we have analysed the nature of yielding under cyclic shear deformation of two model glasses, the BKS silica glass, and the atomic model KA BMLJ, and found that for sufficiently well annealed glasses, yielding is strongly discontinuous, with the magnitude of discontinuity growing with the degree of annealing. Cyclic shear further offers a way for precisely identifying the threshold annealing/disorder through the qualitatively distinct responses above and below the annealing threshold. We show that for one of the models studied (KA BMLJ), uniform shear deformation reveals a change from ductile to brittle crossover that is consistent both with earlier analysis [20] and with the results of cyclic shear deformation. Finally, we find that the annealing threshold corresponds to well known dynamical crossover temperatures in the two systems we study, an observation that merits further analysis to understand their possible common origins. Whether the present results enable analysis of yielding at finite temperatures and strain rates, at least for well annealed glasses, along lines explored for crystals [46, 47] is another interesting question to pursue. −γ . For silica, the value of Tc and γ are 3100K (shown by the vertical dashed line) and 1.5 for the O-atom, and the dotted dashed line represents the Arrhenius temperature dependence low the temperature regime. For BMLJ, Tc and γ are found to be 0.435 and 2.26, respectively, for the A-particle.
APPENDIX

Models
The BKS potential [26] of silica we study, with modifications [27] to avoid unwanted divergences and treat long range forces properly, is given by
where, the short-range term φ(r ij ) = is added for r < r s to prevent a negative divergence. The Coulomb term is evaluated by the Ewald summation technique with Ewald parameter α = 2.5Å −1 . The momentum space summation is carried out to a radius of six reciprocal lattice cell widths. The real part of the potential is truncated at r s = 7.7747Å. In the r s < r < r c regime with r c = 10Å, a fifth order polynomial is added to make the potential go to zero smoothly. The coefficients of φ(r ij ) are chosen such that the modified potential has no inflection at small r. The values of all the co-efficient can be found in Ref. [27] . An integration time step of 1f s is used. 
Initial glass preparation
For both the models we performed constant volume, temperature (NVT) molecular dynamics simulations using the Nose-Hoover thermostat. The systems are equilibrated for 20τ α for low temperatures, and for 10 3 τ α , for the high temperature for silica, and more than 100τ α for the KA BMLJ, τ α being the structural relaxation time (see Fig. A9, Appendix) .
For the KA BMLJ system, we generate inherent structures at energies lower than −7.00 through the finite temperature, shear rate annealing protocol explored in [33] , with shear rateγ = 10 −5 , strain amplitude γ max = 0.035 and simulation temperature T = 0.3. Further details of this procedure may be found in [33] .
Independent configurations (between 5 and 12 for silica, and 6 for KA BMLJ) sampled from the equilibrium trajectory are subjected to energy minimization to obtain sets of inherent structures (IS) to be used for cyclic shear. Between 24 and 200 for E IS ≤ −7.00 and 12 for E IS > −7.00 are used for uniform shear simulations. En- Here we show the behaviour of inherent structure energy E IS for a wide range of temperatures for Silica and BMLJ, in Fig. A1 (a) and (b) . For sufficiently high temperature T , the values of E IS are show a plateau. For silica, E IS data shows deviations from 1/T behaviour at low T as shown in the inset, discussed as an indication of the fragile-to-strong crossover in Ref. [31] . 
Energy as a function of accumulated strain for BKS Silica
The energy of the stroboscopic (γ = 0) configurations are shown in Fig. A2 , as a function of the accumulated strain. Data are presented for both T = 2500K and T = 6000K. As the yielding amplitude γ max = γ y = 0.23 is approached, the number of cycles to attain the steady state increases strongly. For both the temperatures, when γ max > γ y = 0.23, the same final energies are reached irrespective of initial values, which is not true for γ max < γ y = 0.23.
Stress-strain behavior over a cycle for BKS Silica
The stress-strain curves over a full-cycle for different strain amplitudes are shown in Fig. A3 for two different temperatures. The average stress values are calculated in the steady state.
Potential energy as a function of strain over multiple cycles for BKS silica
In Fig. A4 , we show the evolution of the energy for two temperatures for a strain amplitude γ max = 0.20 below yielding. For the low temperature case (T = 2500K) the system explores almost the same energy path for all cycles. For high temperature (T = 6000K), starting from a high energy state, the system anneals to a lower energy value around which it eventually remains oscillating. 
Energy as a function of accumulated strain for the Kob-Andersen BMLJ
In Fig. A5 , we show the potential energy per particle U/N for stroboscopic configurations, as a function of the accumulated strain γ acc for two differently annealed BMLJ systems with E IS = −7.07 and −6.89. The steady state value of U/N is obtained by fitting the data to a stretched exponential form, which are shown in Fig. 2 of the main text. For the well annealed case, below yielding amplitude, the energy of the system remains essentially constant. Above the γ y , the energy increases with the number of shear cycles and reaches a steady state at longer times. For the poorly annealed glass, the energy always decreases with shear deformation cycles until it reaches a steady state. The averaged stress-strain curves in the steady state for a full-cycle of deformation for different strain amplitudes are shown in Fig. A6 for two different energies.
7. Potential energy as a function of strain over multiple cycles for the Kob-Andersen BMLJ In Fig. A7 , we show the potential energy of the KA BMLJ system for initial energies for strain amplitude γ max = 0.07, below yielding. For the well annealed case (E IS = −7.07), from the beginning of the strain cycles, the curves traverse essentially the same energies, while for the poorly annealed case E IS = −6.89, starting from a high energy state, the system anneals to a lower energy value till it reaches the steady state. 
FIG. A7. Evolution of potential energy:
Starting from the initial states, the potential energy is shown as they approach the steady state, for different inherent structure energies (a) EIS = −7.07 and (b) EIS = −6.89, for a strain amplitude below yielding, γmax = 0.07 Note that for the deeply annealed glass (EIS = −7.07) all the cyclic curves lie on top of each other indicating that very little annealing takes place. For the poorly annealed glass (EIS = −6.89), the system anneals, lowering the energy till a steady state is reached.
Uniform shear deformation of KA BMLJ
We have studied the deformation of the KA BMLJ system under uniform shear. For such a study we consider a range of system sizes from N = 2000 to 64000. We employ the AQS protocol with strain step dγ = 0.0002 and the strain varied from 0 to 0.3. For N = 2000, we considered 200 samples, for 4000 and N = 8000, 100 samples and for 32000 and 64000 we have considered 30 − 50 samples.
In addition to data presented in the main text, here we show the stress-strain curves for single samples for various cases. The evolution of the shear stress under uniform shear deformation is shown for different energies E IS for a single sample of size N = 64000 in Fig. A8 (a) . These curves reveal the emergence of large single stress drops as the degree of annealing increases. The stress response is shown in Fig. A8 (b) for different system sizes for a single sample of E IS (= −7.05) for each size. These results illustrate the manner in which the stress drops become focused in larger single drops at smaller strain values with an increase in system size.
We compute the connected susceptibility, defined as χ con = −d σ /dγ, considering the stress averaged over 25 (40 for lowest system size) samples, computing mid-point numerical derivatives. The disconnected susceptibility,
is obtained over the same sample set. We consider stress values within a window of ∆γ = 0.001 for each sample, and obtain the mean and variance over this data set at each average strain value. Fig. A8 (c) and (d) show χ dis as a function of E IS for N = 64000 and for E IS = −7.05 for different sizes respectively. The peak values in Fig. A8 (d) are shown in the inset as a function of system size. Fig. A8 (e) shows χ con for E IS = −7.05 for different sizes and the peak values are shown in the inset as a function of system size. Finally, in Fig. A8 (f) , we show the dependence on E IS , for various system sizes, of the maximum stress drop observed in a range of strain values from 0 to 0.15, straddling the yield strain. We subtract the value of the stress drop at E IS = −6.89, which corresponds simply to the drops in the post-yield flow regime. The maximum stress drop shows little system size dependence above the threshold value of E IS = −6.99 but grows strongly with system size below, indicating the increasingly strong discontinuous yielding at lower E IS or higher annealing. ∼ N and χ peak con ∼ N 1/2 scaling, respectively. (f) Plot of ∆σmax * ≡ ∆σmax − ∆σmax E IS =−6.89 , ∆σmax being the average maximum drop, against initial inherent structure for different system sizes. Inset: Plot of average maximum stress drop ∆σmax with system size N for EIS = −6.89.
Intermediate scattering function
In order to calculate the relaxation time of dynamics of liquid we have calculated the self part of the intermediate scattering function F s (k, t). For A-type of particles (equivalently for Si and O atoms of silica) the F s (k, t) is defined as, where k is the wave vector (with values used given the figure caption), r i is the particle coordinate and N A is the number of A-type atoms in the system. The calculated values of F s (k, t) are shown in Fig. A9 for Oxygen and Silicon atoms for silica and for the A-type particles for BMLJ for a wide range of temperatures. The relaxation times τ α obtained from the stretched exponential fits are shown in Fig. 4 of the main text. 
